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Çiğdem A. Bektaş and Gülcan Atıci

Department of Mathematics, Firat University, 23119 Elazığ, Turkey
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In this paper, we define the new generalized difference sequence spaces c0(∆m
v ,M,u, p,q),

c(∆m
v ,M,u, p,q), and �∞(∆m

v ,M,u, p,q). We also study some inclusion relations between these spaces.
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1. Introduction

From a mathematical point of view, transition from
classical mechanics to quantum mechanics amounts to,
among other things, passing from the commutative al-
gebra of classical observables to the non-commutative
algebra of quantum mechanical observables. Recall
that in classical mechanics an observable (e. g. energy,
position, momentum, etc.) is a function on a manifold
called the phase space of the system. A little more than
50 years after these developments, Alain Connes re-
alized that a similar procedure can in fact be applied
to areas of mathematics where the classical notions of
space (e. g. measure space, locally compact space, or
a smooth space) loses its applicability and pertinence
and can be replaced by a new idea of space, represented
by a non-commutative algebra. Conne’s theory, which
is generally known as non-commutative geometry, is
a rapidly growing new area of mathematics that inter-
acts with and contributes to many disciplines in math-
ematics and physics. For a recent survey, see Conne’s
article [1].

Examples of such interactions and contributions in-
clude: theory of operator algebras, index theory of
elliptic operators, algebraic and differential topology,
number theory, standard model of elementary particles,
quantum Hall effect, renormalization in quantum field
theory, and string theory.

As cited above operator algebras are presently one
of the dynamic areas of mathematics.

In this paper, by using difference operator, we de-
fine the new generalized difference sequence spaces.
Nowadays, operator algebra and operator theory play
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an important role in different areas of mathematics, and
its applications, particularly in mathematics, physics,
and numerical analysis.

Hopefully, this study about operator theory serves
for researchers who carry research in various fields of
science.

Let w denote the set of all sequences x = (xk) and
�∞, c, and c0 be the linear spaces of bounded, conver-
gent, and null sequences with real terms, respectively,
normed by ‖x‖∞ = supk |xk|.

Throughout the article w(X), �∞(X), c(X), and
c0(X) will represent the spaces of all bounded, conver-
gent, and null X valued sequence spaces. For X = C,
the field of complex numbers, these represent the cor-
responding scalar valued sequence spaces.

An Orlicz function is a function M : [0,∞)→ [0,∞)
which is continuous, non-decreasing, and convex with
M(0) = 0, M(x)> 0 for x > 0 and M(x)→ ∞ as x →∞.

It is well known that if M is a convex function
and M(0) = 0, then M(λ x) ≤ λ M(x) for all λ with
0 ≤ λ ≤ 1.

Lindenstrauss and Tzafriri [2] used the idea of the
Orlicz function to define what is called an Orlicz se-
quence space

�M =

{
x ∈ w :

∞

∑
k=1

M
( |xk|

ρ

)
< ∞, for some ρ > 0

}
,

which is a Banach space with the norm

‖x‖= inf

{
ρ > 0 :

∞

∑
k=1

M
( |xk|

ρ

)
≤ 1

}
.
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Several authors, including Alsaedi and Bataineh [3],
Bektaş [4, 5] and many others, have studied sequence
spaces defined by the Orlicz function.

The difference sequence spaces were introduced by
Kızmaz [6] and the concept was generalized by Et and
Çolak [7]. After then Et and Esi [8] extended the dif-
ference sequence spaces to the sequence spaces

X(∆m
v ) = {x = (xk) : (∆m

v xk) ∈ X}
for X = �∞, c, or c0, where v = (vk) be any fixed se-
quence of non-zero complex numbers and(

∆m
v xk) = (∆m−1

v xk −∆m−1
v xk+1) ,

∆m
v xk =

m

∑
i=0

(−1)i
(

m
i

)
vk+ixk+i for all k ∈ N.

The sequence spaces ∆m
v (�∞), ∆m

v (c), and ∆m
v (c0) are

Banach spaces normed by

‖x‖∆ =
m

∑
i=1

|vixi|+ ‖∆m
v x‖∞ .

Definition 1.1. Let q1, q2 be seminorms on a vector
space X . Then q1 is said to be stronger than q2 if when-
ever (xn) is a sequence such that q1(xn)→ 0, than also
q2(xn)→ 0. If each is stronger than the others, then q1
and q2 are said to be equivalent [9].

Lemma 1.2. Let q1 and q2 be seminorms on a linear
space X . Then q1 is stronger than q2 if and only if there
exists a constant K such that q2(x) ≤ Kq1(x) for all
x ∈ X [9].

Definition 1.3. A sequence space E is said to be
solid or normal if (αkxk) ∈ E whenever (xk) ∈ E and
for all sequences of scalars (αk) with |αk| ≤ 1, [10].

Definition 1.4. A sequence space E is said to be
monotone if it contains the canonical pre-images of all
its step spaces, [10].

Remark 1.5. From the two above definitions it is
clear that ‘A sequence space E is solid implies that E
is monotone’, [11].

Let u=(uk) be a sequence of non-zero scalars. Then
for a sequence space E , the multiplier sequence space
E(u), associated with the multiplier sequence u is de-
fined as

E(u) = {(xk) ∈ w : (ukxk) ∈ E} .
The studies on the multiplier sequence spaces are

done by Çolak [12], Bektaş et al. [13], Et [14] and
many others.

Let U be the set of all sequences u = (uk) such that
uk 
= 0 for all k ∈ N.

Let M = (Mk) be a sequence of Orlicz functions,
p = (pk) be any sequence of strictly positive real num-
bers, X be a seminormed space with the seminorm q,
and u ∈U . Then we define

c0 (∆m
v ,M,u, p,q) =

{x ∈ w(X) : lim
k→∞

uk

[
Mk

(
q
(

∆m
v xk

ρ

))]pk

= 0

for some ρ > 0},

c(∆m
v ,M,u, p,q) =

{x ∈ w(X) : lim
k→∞

uk

[
Mk

(
q
(

∆m
v xk − �

ρ

))]pk

= 0,

for some ρ > 0, � ∈ X},
�∞ (∆m

v ,M,u, p,q) =

{x ∈ w(X) : sup
k

uk

[
Mk

(
q
(

∆m
v xk

ρ

))]pk

< ∞,

for some ρ > 0}.
If we take q(x) = |x|, then we have the sequence

spaces

c0 (∆m
v ,M,u, p) =

{x ∈ w : lim
k→∞

uk

[
Mk

( |∆m
v xk|
ρ

)]pk

= 0,

for some ρ > 0},

c(∆m
v ,M,u, p) =

{x ∈ w : lim
k→∞

uk

[
Mk

( |∆m
v xk − �|

ρ

)]pk

= 0,

for some ρ > 0, � ∈C},
�∞ (∆m

v ,M,u, p) =

{x ∈ w : sup
k

uk

[
Mk

( |∆m
v xk|
ρ

)]pk

< ∞,

for some ρ > 0}.
If uk = 1, Mk(x) = x for all k ∈ N and q(x) =
|x|, then the sequence spaces c0(∆m

v ,M,u, p,q),
c(∆m

v ,M,u, p,q), and �∞(∆m
v ,M,u, p,q) reduce to the

sequence spaces c0(p)(∆m
v ), c(p)(∆m

v ), and �∞(p)(∆m
v )

which were defined and studied by Et et al. [15].
If uk = 1, Mk = M for all k ∈ N, then the

sequence spaces c0(∆m
v ,M,u, p,q), c(∆m

v ,M,u, p,q),
and �∞(∆m

v ,M,u, p,q) reduce to the sequence spaces
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c0(∆m
v ,M, p,q), c(∆m

v ,M, p,q), and �∞(∆m
v ,M, p,q), re-

spectively.
If we take uk = 1 for all k ∈ N, we shall write

c0(∆m
v ,M, p,q), c(∆m

v ,M, p,q), and �∞(∆m
v ,M, p,q)

instead of c0(∆m
v ,M,u, p,q), c(∆m

v ,M,u, p,q), and
�∞(∆m

v ,M,u, p,q), respectively.

2. Main Results

In this section we introduce some new results.

Theorem 2.1. Let p = (pk) be a bounded sequence,
then the spaces c0(∆m

v ,M,u, p,q), c(∆m
v ,M,u, p,q), and

�∞(∆m
v ,M,u, p,q) are linear spaces over the field of

complex numbers C.
Proof is trivial.

Theorem 2.2. The spaces c0(∆m
v ,M,u, p,q),

c(∆m
v ,M,u, p,q), and �∞(∆m

v ,M,u, p,q) are para-
normed spaces with

g(x) = inf
{

ρ pn/H > 0 :{
sup

k

[
ukMk

(
q
(

∆m
v xk

ρ

))]pk
}1/H

≤ 1

}
,

where H = max(1,supk pk).
The proof is routine verification by using standard

arguments and therefore omitted.

Theorem 2.3. �∞(∆m
v ,M, p) is a complete para-

normed space with

g(x) = inf
{

ρ pn/H > 0 :{
sup

k

[
Mk

( |∆m
v xk|
ρ

)]pk
}1/H

≤ 1

}
.

Proof. Let (xi) be any Cauchy sequence in
�∞(∆m

v ,M, p). Let r,x0 > 0 be fixed. Then for each
ε

rx0
> 0, there exists a positive integer N such that

g(xi − x j)<
ε

rx0

for all i, j ≥ N. Using the definition of paranorm, we
get


sup

k


Mk



∣∣∣∆m

v xi
k −∆m

v x j
k

∣∣∣
g(xi − x j)






pk


1/H

≤ 1

for all i, j ≥ N. Thus

sup
k


Mk



∣∣∣∆m

v xi
k −∆m

v x j
k

∣∣∣
g(xi − x j)






pk

≤ 1

for all i, j ≥ N. It follows that

Mk



∣∣∣∆m

v xi
k −∆m

v x j
k

∣∣∣
g(xi − x j)


≤ 1

for each k ≥ 0 and for all i, j ≥ N. For r > 0 with
Mk(

rx0
2 )≥ 1, we have

Mk



∣∣∣∆m

v xi
k −∆m

v x j
k

∣∣∣
g(xi − x j)


≤ Mk

( rx0

2

)
.

This implies that∣∣∣∆m
v xi

k −∆m
v x j

k

∣∣∣≤ rx0

2
· ε

rx0
=

ε
2
.

Hence, (∆m
v xi

k) is a Cauchy sequence in R. Therefore,
for each ε(0 < ε < 1), there exists a positive integer N

such that
∣∣∣∆m

v xi
k −∆m

v x j
k

∣∣∣< ε , for all i ≥ N.
Using the continuity of Mk for each k, we can find

that

sup

k≥N


Mk



∣∣∣∆m

v xi
k − lim j→∞ ∆m

v x j
k

∣∣∣
ρ






pk


1/H

≤ 1.

Thus {
sup
k≥N

[
Mk

(∣∣∆m
v xi

k −∆m
v xk
∣∣

ρ

)]pk
}1/H

≤ 1.

Taking infimum of such ρ’s we get

inf

{
ρ pn/H :

{
supk≥N

[
Mk

( |∆m
v xi

k−∆m
v xk|

ρ

)]pk
}1/H

≤ 1

}
< ε

for all i ≥ N and j → ∞. Since (xi) ∈ �∞(∆m
v ,M, p)

and Mk is an Orlicz function for each k and therefore
continuous, we get that x ∈ �∞(∆m

v ,M, p).
This completes the proof of the theorem.
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Theorem 2.4. Assume that 0 < pk ≤ rk < ∞, for
each k. Then we have c0(∆m

v ,M, p,q)⊆ c0(∆m
v ,M,r,q),

c(∆m
v ,M, p,q) ⊆ c(∆m

v ,M,r,q), and �∞(∆m
v ,M, p,q) ⊆

�∞(∆m
v ,M,r,q).

Proof. We prove it for c0(∆m
v ,M, p,q) ⊆

c0(∆m
v ,M,r,q) and the other cases will follow on

applying similar techniques. Let x ∈ c0(∆m
v ,M, p,q).

Then there exists some ρ > 0 such that

lim
k→∞

[
Mk

(
q
(

∆m
v xk

ρ

))]pk

= 0.

This implies that Mk

(
q
(

∆m
v xk
ρ

))
≤ 1 for sufficiently

large k, since all Mk are non-decreasing. Hence, we get

lim
k→∞

[
Mk

(
q
(

∆m
v xk

ρ

))]rk

≤ lim
k→∞

[
Mk

(
q
(

∆m
v xk

ρ

))]pk

= 0,

i. e., x ∈ c0(∆m
v ,M,r,q).

Corollary 2.5.
(i) Let 0 < inf pk ≤ pk ≤ 1. Then c0(∆m

v ,M, p,q)⊆
c0(∆m

v ,M,q).
(ii) Let 1 ≤ pk ≤ suppk < ∞. Then c0(∆m

v ,M,q) ⊆
c0(∆m

v ,M, p,q).

Theorem 2.6. Let M be an Orlicz function, then
(i) c0(∆m

v ,M, p,q)⊂ �∞(∆m
v ,M, p,q),

(ii) c(∆m
v ,M, p,q)⊂ �∞(∆m

v ,M, p,q).

Proof. The inclusion c0(∆m
v ,M, p,q) ⊂ �∞(∆m

v ,M,
p,q) is obvious. The second inclusion follows from the
following inequality. Let x ∈ c(∆m

v ,M, p,q).[
M
(

q
(

∆m
v xk

ρ

))]pk

≤ D
2pk

[
M
(

q
(

∆m
v xk − �

ρ1

))]pk

+
D

2pk

[
M
(

q
(

�

ρ1

))]pk

≤ D
[

M
(

q
(

∆m
v xk − �

ρ1

))]pk

+Dmax

{
1,sup

[
M
(

q
(

�

ρ1

))]G
}
,

where ρ = 2ρ1, supk pk = G and D = max{1,2G−1}.
The proof of the following results are easy thus

omitted.

Theorem 2.7. Let M = (Mk) and T = (Tk) be
any two sequence of Orlicz functions. Then we

have Z(∆m
v ,M,u, p,q)∩Z(∆m

v ,T,u, p,q) ⊂ Z(∆m
v ,M+

T,u, p,q), for Z = c0 or c or �∞.

Theorem 2.8. Let M = (Mk) be a sequence of
Orlicz functions. For any two seminorms q1 and
q2, we have Z(∆m

v ,M,u, p,q1) ∩ Z(∆m
v ,M,u, p,q2) ⊂

Z(∆m
v ,M,u, p,q1 + q2), for Z = c0 or c or �∞.

Theorem 2.9. Let M = (Mk) be a sequence of
Orlicz functions and any two seminorms q1 and q2.
If q1 is stronger than q2, then Z(∆m

v ,M,u, p,q1) ⊂
Z(∆m

v ,M,u, p,q2), for Z = c0 or c or �∞.

Theorem 2.10. Let X stands for c0 or c or �∞.
Then X(∆m−1

v ,M,q) ⊂ X(∆m
v ,M,q) and inclusions is

strict. In general X(∆i
v,M,q)⊂ X(∆m

v ,M,q) for all i =
1,2, . . . ,m− 1 and the inclusions are strict.

Proof. We give the proof for X = �∞ only and the
other cases can be proved by using similar arguments.
Let x ∈ �∞(∆m−1

v ,M,q). Then we have

sup
k

[
Mk

(
q
(

∆m−1
v xk

ρ

))]
< ∞.

Since Mk are non-decreasing and convex functions, q
is a seminorm and ∆m

v is linear, we have[
Mk

(
q
(

∆m
v xk

ρ

))]
=

[
Mk

(
q
(

∆m−1
v xk −∆m−1

v xk+1

ρ

))]
≤

1
2

[
Mk

(
q
(

∆m−1
v xk

ρ1

))]
+

1
2

[
Mk

(
q
(

∆m−1
v xk+1

ρ1

))]

< ∞, where ρ = 2ρ1.

Thus �∞(∆m−1
v ,M,q) ⊂ �∞(∆m

v ,M,q). Proceeding in
this way one will have �∞(∆i

v,M,q)⊂ �∞(∆m
v ,M,q) for

all i = 1,2, . . . ,m− 1. The sequence x = (km), for ex-
ample, belongs to �∞(∆m

v ,M,q), but does not belong to
�∞(∆m−1

v ,M,q) for Mk(x) = x, vk = 1 for all k ∈ N and
q(x) = |x|. Therefore the inclusions are strict.

Theorem 2.11.
(i) The spaces c0(M,u, p,q) and �∞(M,u, p,q) are

solid and hence are monotone.
(ii) The space c(M,u, p,q) is not monotone and

therefore neither solid nor perfect.

Proof. We give the proof for c0(M,u, p,q). Let
x∈ c0(M,u, p,q) and (αk) be sequences of scalars such
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that |αk| ≤ 1 for all k ∈ N. Then we have

uk

[
Mk

(
q
(

αkxk

ρ

))]pk

≤ uk

[
Mk

(
q
(

xk

ρ

))]pk

→ 0

as k → ∞. Hence, αx ∈ c0(M,u, p,q) for all sequence
of scalars (αk) with |αk| ≤ 1 for all k∈N, whenever x∈

c0(M,u, p,q). The spaces are monotone follows from
the Remark 1.5.
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